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A SIMPLE CRITERION FOR THE EXISTENCE OF NONREAL 
EIGENVALUES FOR A CLASS OF 2D AND 3D PAULI OPERATORS 

DIOMBA SAMBOU 


Abstract. In this work, we investigate the discrete spectrum generated by complex matrix¬ 
valued perturbations for a class of 2D and 3D Pauli operators with nonconstant magnetic 
fields. We establish a simple criterion for the potentials to produce discrete spectrum near 
the low ground energy of the operators. Moreover, in case of creation of nonreal eigenvalues, 
this criterion specifies also their location. 
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1. Introduction 


1.1. Description of the models. We consider in this article n-dimensional Pauli operators 
Pn{b,V), n = 2, 3, defined as follows. Denote by X± := {x,y) the usual variables on and 
by X := (A_l, X||) those on For x = X± G or x = A G let 


( 1 . 1 ) 


B(x) 


6(x) for re = 2, 

(0, 0, 6(x)) for re = 3, 


be a magnetic field such that 6(x) = b{x, y) is an admissible magnetic field. Namely, there 
exists a constant 6o > 0 satisfying 

(1.2) h{x,y) = bQ + b{x,y), 

where b is such that the Poisson equation Xfi = b admits a solution ip G C'^(M^) satisfying 
suP(a;,j/)eM 2 \D°‘ip{x,y)\ < oo, a G |a| < 2. By defining po{x,y) := \bo{x‘^ + y‘^) on and 

(1.3) p{x,y) := po{x,y) + lp{x,y), 


we obtain a magnetic potential A„ : M” —)• generating the magnetic field B = curlA^ 

by setting 


(1.4) 


An{x,y) = {- dyp{x,y),dxp{x,y)) for re = 2, 

An{x,y,X\\) = {-dyp{x,y),dxp{x,y),0) for re = 3. 


Remark 1.1. 


The author is partially supported by the Chilean Program Nucleo Milenio de Fisica Matemdtica RC120002. 
The author gratefully acknowledges the many helpful suggestions of V. Bruneau during the preparation of the 
paper. The author should like to thank R. Novak for bringing to his attention the reference |24j . 
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(i) The class of admissible magnetic fields described above is essentially the one intro¬ 
duced in j28l I2U] . We refer to these papers for more details and examples of admissible 
magnetic fields. 

(ii) In (1.1), b stands for the intensity of the magnetic field. 

(hi) The case 6 = 0 corresponds to the constant magnetic field of strength 6o > 0. 

(iv) In the three-dimensional case n = 3, the magnetic field is of constant direction and 
points in the Xy-direction. 

Let I^(x) = {V^fc(x)}^be a 2 X 2 complex matrix-valued potential. Then, the Pauli 
operators Pn{b, V) acting on L^(]R"') := C^), n = 2, 3, are defined by 

'{-iV - A„)2 - 6 0 

0 (-iV-A„)2 + 6y 


(1.5) P46,P):=(^( 

initially on (^“(M^jC^), and then closed in L^(M" 


+ 1 ", 


For V = 0, we have the following result from j28l Propositions 1.1 and 1.2] about the 
spectrum a{P 2 {b, 0 )) of the operator ^ 2 ( 6 , 0 ): 

Proposition 1.1. Let b be an admissible magnetie field with bo > 0. Then, 0 = inf a{P 2 {b, 0)) 
is an isolated eigenvalue of infinite multiplieity. More preeisely, we have 

(1.6) dim Ker((—iV — A 2 )^ — 6 ) = 00 , dim Ker((—iV — A 2 )^ -|- 6 ) = 0, 
and 

(1.7) (0,0 CM\a(P2(6,0)), 
where 

( 1 . 8 ) C •= 26oe“^°®‘^‘^, oscifi ■.= sup fi{x,y) — inf (p{x,y). 

(a;,?;)eR 2 (a;,y)eK 2 

In particular, by j29[ Corollary 2.2], we have 

(1.9) cr(P 3 ( 6 , 0 )) = crac(P 3 (b, 0 )) = [0,Oo). 


Throughout this paper, our minimal assumptions on the potentials V are the following: 


Assumption (Al): For n = 2, we assume that 

(1.10) O^V^fe, \Vik{x,y)\ < F{x,y), l<i,k<2, 

where F G (La n L“)(M^,M^) for some 2 < q < 00 . 

Assumption (Cl): For n = 3, we assume that 

*0^Vek, \Vik{x,y,X\\)\ <G±{x,y)G{X\\), l<i,k<2, 

(1.11) * G± G (La n L°°) (M^, M^) for some 2 < q < 00 , 

* 0 < G(X||) < Const. (A||)“’",m > 3, where(y) := (1 -|- lyl ^)2 for y G M'^. 

Examples: 

(i) In Assumptions (Al) and (Cl), both F and G± can be thought of the function 3 
{x,y) !-)■ {{x,y))~^x mj_ > 0. 
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(ii) In Assumption (Cl), nonreal-valued potentials V with Vik{x, y, Ay) = 0[{{x, y, Ay)) “), 
1 < i,k < 2, a > 3, can be considered since obviously this implies that 

Vik{x,y,X\i) = 0{{{x,y))~'^^{X\\)~'^), me {3,a), m± = a-m> 0. 


1 . 2 . State of the article. Since we will deal with non-self-adjoint operators, for convenience, 
we introduce some conventional definitions and notations. Let S' be a closed operator acting on 
a separable Hilbert space. An isolated point y of cr(S) lies in (Tdisc('S'), the discrete spectrum 
of S, if it’s algebraic multiplicity 

( 1 . 12 ) mult(/u) := rank f- / (S — z)~^dz 

\2i7r Jcg 

is finite, being a small positively oriented circle centred at y and containing y as the 
only point of ct(S). Note that the geometric multiplicity of y, defined by dim Ker (S — /u), 
satisfies the inequality dim Ker {S — y) < mult(/i), equality happening if S is self-adjoint. We 
define the essential spectrum cress(S) of S as the set of points y G C such that S — y is not a 
Fredholm operator. Under Assumptions (Al) and (Cl), we prove that V is relatively compact 
with respect to Pn(j3,0), n = 2, 3. Therefore, due to the Weyl criterion on the invariance 
of the essential spectrum, we have cress{Pn{b,V)) = cress{Pn{b,0)), n = 2, 3. However, the 
potential V may generate (complex) discrete spectrum whose only accumulation points are 
ii'ess(F^(^, U)), see m Theorem 2.1, p. 373]. The distribution of the discrete spectrum near 
the essential spectrum for the quantum Hamiltonians has been extensively studied by various 
authors. However, most of the known results treat the case of self-adjoint electric potentials, 
see for instance 122 Chap. 11 - 12 ], [laiMlIiniEIlEHlElESlIl! and the references given there. 
But, recently and during the past years, there has been an increasing interest in the spectral 
theory of non-self-adjoint differential operators, in particular for the quantum Hamiltonians, 
see for instance For a detailed bibliography on 

the theory, we refer for instance to gZlIH]- Another results on spectral properties for non-self- 
adjoint operators can be found in Sjostrand paper [3H] and the references given there. Results 
concerning non-self-adjoint Pauli operators are much more sparse, see for instance |23j, where 
the authors investigated the ID Pauli equation with complex boundary conditions. 


The aim of the present paper is to describe simple methods of obtaining complex eigenvalues 
asymptotics near the low ground energy 0 of the 2D Pauli operator P 2 {b, V), and to show how 
we can construct complex matrix-valued potentials V generating nonreal eigenvalues near the 
low ground energy 0 of the 3D Pauli operator ^ 3 ( 6 , V). Our work is closely related to [32153] . 
where the author treats the case of the Schrodinger and Dirac operators with constant and 
nonconstant magnetic fields. Both in these papers and in the present one, the proofs of 
the results are inspired by previous works (on characteristic values and resonances) for self- 
adjoint perturbations (see mm- More precisely, here, in the 2D case, the spectral gap (0, C) 
in a[P 2 {b, 0 )) allows to reduce the study of cTdisc(-P 2 (&j R)) near 0, to that of the zeros of a 
holomorphic function in a punctured neighbourhood of 0 (see Lemma [3.1| and Proposition |3.1[ ). 
Hence, by this way, we can apply the general approach developed in |1] to solve our problem. 
On the contrary, in the 3D case, since a{P 3 {b, 0)) is absolutely continuous, this reduction holds 
in half-disks not containing 0 (see Lemma 6.3 and Proposition |6.2[ ). In that case, |l]’s approach 
does not work and we have to use the one developed in [3] to solve our problem. The methods 
of this article also combine functional analysis, complex analysis, functional determinant and 
spectral properties of Toeplitz operators which appear when making spectral reduction near 



4 


DIOMBA SAMBOU 


the low ground energy 0. The main difficulties come from the matrix-valuedness and the 
non-selfajointness of V. Moreover, in the three-dimensional case, unlike the study of the 
resonances, V is not supposed to be exponentially decreasing with respect to the direction of 
the magnetic field. Thus, the operator-valued function z 


7v{z) defined in Lemma 6.3 


IS 

not analytic near the real axis and some limiting absorption principle have to be used (see 
Proposition |6.2[ ). In contrast with the Laplace operator, in [32], Wang investigated the case 
of —A -|- IL in L^(]R"'), n > 2, V being a dissipative potential, i.e. V{x) = Vi{x) — iV 2 {x) 
where Vi and V 2 are two measurable functions satisfying I^(x) > 0, and V 2 (x) > 0 on an open 
non empty set. He proved that 0 is not an accumulation point of the complex eigenvalues if 
the potential decays more rapidly than |x|“^. It is still unknown, for more general complex 
potentials without sign restriction on the imaginary part, whether 0 can be an accumulation 
point of complex eigenvalues or not. In the present work, we show that in the presence of a 
magnetic field, the situation is totally different. Even a compactly supported perturbation can 
produce clusters of eigenvalues near the low ground energy 0 of the operators Pn{b,V), n = 2, 
3. More precisely, in the case n = 3, for some sufficiently small and sufficiently decreasing 
potential of the form 


• r]W, with W a positive Hermitian matrix, 

• r]£C*, Arg{r]) G ±(f,7r). 


we prove that 0 is an accumulation point of a sequenc e of e igenvalues which are concentrated 
along the semi-axis -|-oo) (see Theorem |2.4|. On the contrary, when 


• Arg{r]) G ±(0, f), 

this phenomenon disappears (see Corollary |2.1[ ). In the case n = 2, the situation is rather 
different in the sense we prove that 0 is an accumulation point of a sequence of eigenvalues 
which are concentrated along the semi-axis -|-oo), for some sufficiently decreasing 

potential of the form 


• r]W, with zizW a positive Hermitian matrix, 

• r]GC*, 


(see Theorem 2.2). The case of the Laplace operator is also studied in a recent preprint by 
Bogli |2j, where nonreal potentials decaying at infinity generating infinitely many nonreal 
eigenvalues accumulating at each point of the essential spectrum [0, -|-oo) are constructed. 
Upper bounds on the number of the complex eigenvalues in small annulus near the low 
ground energy 0 of the operators Pn{b, V), n = 2, 3, are also established here (see Theorems 


2.1 and 2.3 respectively). 


1.3. Organisation of the paper. The paper is organized as follows. Our main results are 
stated in Section Section is devoted to the study of the discrete spectrum near the low 
ground energy for the two-dimensional Pauli operator. The corresponding main results are 
proved in Sections]^ and Section]^ is devoted to the study of the discrete spectrum near the 
low ground energy with respect to the three-dimensional Pauli operator, the corresponding 
main results being proved in Sections [^and[^ Sectionj^is a brief appendix on basic properties 
of Schatten-von Neumann class ideals. Section a brief appendix on the theory of the index 
of a finite meromorphic operator-valued function, and Section a brief appendix on the 
notion of characteristic values of operator-valued functions. 
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Notations. For a 2 x 2 matrix M : —>■ C^, \M\ denotes the multiplication operator by the 
matrix \/M*M(x) =: {|M|£fc(x)}, 1 < £, A: < 2, x £ M”, n = 2, 3. We will denote the 

set of 2 X 2 Hermitian matrices on n = 2, 3. The spectral projection of onto the 

(infinite-dimensional) kernel of P 2 ~ := {—idx—ai)‘^+(—idy—a 2 )‘^—b, will be denoted p :=p{b). 
Here, aj, j = 1, 2, are the components of the magnetic potential A 2 , so that P 2 ~ is the first 
component of the operator P 2 {b, 0). The operator ^ 2 "*" := {—idx — + {—'idy — 0 - 2 )^ + b will 

denote his second component. 

2. Statement of the main results 

This section is devoted to the formulation of our main results. The eigenvalues will be 
counted according to their algebraic multiplicity defined above. As preparation, we first 
recall some well-known results on Toeplitz operators. We know from j29l Lemma 2.3] that if 
U G q > 1, then the Toeplitz operator pUp belongs to the Schatten-von Neumann 

class (see Section for the definition of the Schatten classes Sq). In particular, 

pUp is a compact operator. Moreover, when it is self-adjoint and positive, the following 
asymptotics about the quantity Tr 1(^ 00 ) (p[/p), r \ 0, are well-known: 

(HI) If 0 < [/ E C^(M2) verifies U{x,y) = uq (|||f(fj||) ||(x,y)||-'"(l -h o(l)), ||(x,y)|| ^ 00 , 

m > 0 constant, where uq is a non-negative continuous function on not vanishing 
identically, \VU{x,y)\ < Ci{{x,y))~'^~^ with some constant Ci > 0, and if there 
exists an integrated density of states for the operator P 2 (see [2^ definition (3.11)), 
then by [251 Lemma 3.3], 

(2.1) TTl^r,oc}{pUp) = C^r-^/^{l + o{l)), r\0, 
where Cm ■= ^ f§i 

(H2) If 0 < [/ E L°°(M^) verifies lnU{x,y) = —iJ,\\{x,y)\\‘^^(1 + o{l)), ll(x,y) ]] — )• 00, with 
some constants /3 > 0 and /x > 0, then by [291 Lemma 3.4], 

(2.2) Ti'l,^r,cx>){pUp) = P 0 {r){l + o{l)), r\0, 
where for 0 < r < e“^, we set 

f Inrj^/^ if 0 </3 < 1, 

:= I in(i+t/bo) U^^I if/3 = l, 

|^^g^(ln j Inrj) ^jlnrj if 1 </3 < 00 . 

(H3) If 0 < [/ E L°°(M^) has a compact support and if there exists a constant C > 0 
verifying C < U on an open non-empty subset of M^, then by [291 Lemma 3.5], 

(2.3) TTl(^r,oo){pUp) = Poc{r){l + o{l)), r\0, 
where (Poo(t) := (In j Inrj) ^jlnrj, 0 < r < e“^. 

2.1. Results for the case 2D. Let V satisfy Assumption (Al). In that case, we have 
\y\ek{x,y) = 0{F{x,y)) for any 1 < ^, A: < 2 and any (x,y) E Then, [291 Lemma 
2.3] implies that the Toeplitz operator p\V\iip belongs to the Schatten-von Neumann class 
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5|(L^(M^)), q >2. In particular, p\V\iip is a self-adjoint positive compact operator. For ( 
defined by(1.8|, fixO<e<C and introduce the punctured disk of 0 

(2.4) D{0, e)* :={peC:0< \p\ < e}. 

Our first main result gives an upper bound on the number of complex eigenvalues near the 
low ground energy 0 of the operator P 2 {b, 0 ), in small annulus. 

Theorem 2.1 (Local upper bound). Assume that Assumption (Al) holds with ( > ||F|| <C 1. 
Then, there exists 0 < tq < C sueh that for any r > 0 with r < ro < |r, 

(2.5) E crdisc{P 2 {b,V)) : r < \p\ < 2r| < CTr l(^_o^)(p|F|iip)| lnr| +0{l), 

for some eonstantC > 0. In partieular, if\V\ii is eompaetly supported, t/ien Tr (p|IL|iip) 
satisfies the asymptotie (2.3) as r \ 0. 

In order to get asymptotic results, we put some restrictions on the potential V. 
Assumption (A2): We assume that 


( 2 . 6 ) 


V = yW with y E C*, and W{x,y) = {Wik{x,y)Y E ®/i(M^), {x,y) E 


Denote J := sign{W) the matrix sign of W satisfying W = J|VF|. Let P_l and Q_|_ be the 
orthogonal projections in L?‘ (M^) defined by 


(2.7) 


P± : = 


p 0 
0 0 


Q± :=I-P± = 


I — p 0 
0 I 


For p E D(0, e) := D(0, e)* U {0}, we introduce the operator 

( 2 . 8 ) Ax{p)-.= J\W\^p(^^ -pJ\W\^{P2{h,Q)-py"q^\W\^. 

Note that A_l(-) is holomorphic on 11(0, e). Introduce 11 the orthogonal projection onto 
Ker A._l(0) together with the following condition: 


(2.9) 


{ / — r 7 A(L( 0 )n is an invertible operator for 
W of definite sign ±W(x,y) > 0, (x,y) E M^. 

Remark 2.1. 

(i) There is no loss of generality in saying W is of definite sign J = ±. 

(ii) Actually, A(i_(0)n is compact so that condition (2.9) is generically satisfied. Namely, it 
is fulfilled whenever 77 E M \ {e“^, n E N}, where (e„)„ denotes the nonzero eigenvalue 
sequence of the operator A(i_(0)n. 

(iii) Condition (2.91 is also fulfilled for small potentials V. Namely, for potentials V = srjW 
with £ a real number small enough. 

If ro, 5, are two positive fixed constants, and r > 0 tending to zero, we define the sector 

(2.10) r'^(L ro) ■.= [x + iy ^ C ■. r < X < tq, —5x < y < 5x}. 

Theorem 2.2 (Localization, asymptotic behaviours). Let V satisfy Assumptions (Al) and 
(A2), with T] £ C* and W of definite sign J = ±. Assume that (2.9) holds. Then, there exits 
ro > 0 sueh that near zero: 
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(i) Localization: The discrete eigenvalues ^ of P 2 {b,r]W) with 0 < |//| < tq satisfy 

( 2 . 11 ) ^ e ±r]T^{r,ro), 

for any <5 > 0. 

(ii) Asymptotic: There exists a sequence (r^)^ of positive numbers tending to zero such 
that 

(2.12) ff[(ydisc{P 2 {b,gW)) : ri < \p\ < roj = Ti'li^ri,oc){p\W\iip) {l + o{l)), 
as i —;■ oo. 

(iii) Asymptotic: satisfies the hypotheses (HI), (H2) and (H3) above, then, 

(2.13) #[crdisc{P 2 {b,r]W)) : r < \fi\ < tq} = Tr l(r^oo) (p|l^|iip) (l + o(l)), 
as r \ 0. 



Figure 2.1. A graphic illustration of the localization of the nonreal 
eigenvalues near zero: For vq small enough, the nonreal eigenvalues pL of 
P 2 {b,r]W) are localized near the semi-axis p, = r/jOj+oo) in small angular 
sectors. 


Corollaries and Remarks. 


(i) According to (2.1), (2.2) and (2.3), the asymptotics obtained in Theorem 2.2 essen¬ 
tially coincide with those obtained in [28], where the case of the self-adjoint Pauli 
operator P 2 {h,V) with more general assumptions on V is considered. Novelty in this 
paper is that we consider complex matrix-valued potentials V. 


(ii) Theorem 2.2 is still true if we replace the assumption J = ± by 


sign(W) 


1 0 
0 0 


/±1 0 

I 0 0 


This condition is for instance fulfilled by potentials W € C^) of the form 

/ ±Wii 0 


W = 


ITii > 0. 


\ 0 W22y 

(iii) The existence of nonreal eigenvalues and their accumulation near 0 are ensured by 


assertion (ii) and (iii) of Theorem 2.2 
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(iv) Another way of stating assertion (i) of Theorem 2.2 is as follows: near the low ground 
energy of P 2 {b, 0 ), the discrete eigenvalues /r of P 2 {b,r]W) are concentrated around 
the semi-axis ± 77 ) 0 ,-|-oo), respectively for J = ±. 

(v) For r] = 1, we recover the standard self-adjoint electric potentials V of definite sign, 
and (2.11) becomes fi e ±]0,-|-oo). This just amounts to saying that the discrete 
eigenvalues are localized on the right and the left of 0. 

(vi) If ?7 = i, we can write (2.11) as ±3'(/r) > 0 with = o(| 7 r|), see (5.1). This means 

that the discrete eigenvalues are concentrated in a vicinity of the semi-axis ±i] 0 , -|-oo). 

2.2. Results for the case 3D. Let V satisfy Assumption (Cl) and Vn be the multiplication 
operator by the function (also noted) Vn : —)• M defined by 

(2.14) Vn(x,y) ^ / dA|| |V|n(x,?/, Vy). 

2 Jr 

Then, as in the case 2D, the Toeplitz operator pVup satisfies pVnp e 5q(L^(M^)) so that it 
is a self-adjoint positive compact operator. In the sequel, 

(2.15) C± := (.2 G C : ±^( 2 ) > 0} 

denotes respectively the upper and lower half-plane. For 0 < 771 < ^>2 < C; we introduce the 
ring 

(2.16) D{gi, Q 2 ) := {2 G C : £>1 < \z\ < ^> 2 }, 
and the half-rings 

(2.17) D±{Qi,g2) := D{gi,Q2)r\C±. 

For u > 0 constant, we define the domains 

(2.18) D'^{gi, g2) := D±{gi, £( 2 ) C {2 G C : \'^iz)\ > 

Our first main result gives upper bounds on the number of complex eigenvalues near the low 
ground energy 0 of the operator ^ 3 ( 6 , 0 ), in small half-rings. 

Theorem 2.3 (Local upper bounds). Assume that Assumption (Cl) holds with ( > ||V|| <C 1. 
Then, there exists 0 < ro < ^/C sueh that for any r > 0 with r < r^ < \j\r, and any 
Q < iz < 2r^, 

(2.19) #{z G adisc{P3{b,V))nDf{r^4r^)} < C (tV (pVnp) | In r|) + 0(1), 

for some eonstant C > 0. In partieular, if\u is eompaetly supported, then Tr ^xd) (pVnp) 
satisfies the asymptotie (2.3) as r \ 0. 

In what follows below, two kinds of assumption on V are needed in additional. 

Assumption (C2): We assume that 

(2.20) V = ??1T with ?7 G C\K, and W(X) = {iWfe(V)}^ G ®/i(M^), X G 


Remark 2.2. 


(i) In (2.20), when W is of definite sign (i.e. PW > 0), since the change of the sign 
consists to replace Arg{p) by Arg(r]) -|- tt, then it is sufficient to consider only IT > 0. 
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(ii) For ± sin (Ar( 7 ( 77 )) > 0 and VF > 0, the discrete eigenvalues 2 ; of the operator 
P 3 {b,r]W) satisfy ± 3 ( 2 ;) > 0. 

With respect to Assumption (C2) above, we introduce Wn, the multiplication operator by 
the function (also noted) Wn : —)• M, defined as in (2.14) with |F|ii replaced by |VF|ii. 
Hence, we introduce the following exponential decay assumption: 


Assumption (C3): We assume that the function Wn satisfies 

(2.21) 0 < Wii(x,y) < C > 0. 

For a G M and 0 > 0, we introduce the sector 

(2.22) E±{a, d) := D{0, () \ C)) , 

where we have just excluded around the semi-axis 2 ; = C), an angular sector of 

amplitude 46. Hence, we can formulate our second main result in this part as follows: 

Theorem 2.4 (Sector free of complex eigenvalues, lower bounds). Suppose that V satisfies 
Assumption (Cl), and Assumption (C2) with VF > 0, ±Arg{r]) G (0,7r). Then, for any 0 > 0 
small enough, there exists eo > 0 sueh that: 

(i) For any 0 < e < eq, the operator Pz{b,£V) has no discrete eigenvalues in the sector 

(2.23) D±{r‘^,rl)<AE±{Arg{r]),e), 0 < r < ro < V^. 

(ii) If furthermore Wn satisfies Assumption (C3), then for any 0 < e < eo, there is an 

accumulation of nonreal eigenvalues of P 3 {b,EV) near zero, in a sector around the 
semi-axis -|-oo), for 

(2.24) Arg{r]) £ ±(^^,7:^ . 

More precisely, there exists a decreasing sequence of positive numbers {rfij^, r^ \ 0, 
satisfying 

25 ) # 1 ^ eiTdisc(H3(6,eH)) n Z)±(eV|+i,eV|) n 0 ) | 

> Trl(r,,+i,r^)(pWiip). 


A graphic illustration of Theorem 2.4 is given in Figure 2.2. 
Remark 2.3. 


(i) Theorem 2.4 and |3l Theorem 2] are quite similar in there structure, although in |3], is 

considered the 3D Schrodinger operator with constant magnetic field and self-adjoint 
potentials decaying exponentially in the direction of the magnetic field, to study the 
resonances near the Landau levels. _ 

(ii) If we set 6 := tan(0), then the proof of Theorem 2.4 (see (8.7) and (8.16|)) shows that 


for 0 < ro < ^/C, the parameter eo > 0 above depends on 6 as follows 
(2.26) eo < (cVl + < 5 - 2 ) min |^1, Ci{6, z.)-ie“’^'^^ , 
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Arg{r]) £ (f ,7r), W >0 
V = r]W 



Figure 2.2. A graphic illustration of the localization of the non- 
real eigenvalues near the low ground energy 0: For 6 small enough and 
0 < e < eo, Psib, eV) has no complex eigenvalues in rQ)r\Ej^{Arg{vi), 9) 

(see (i) of Theorem 2.4). They are l ocal ized around the semi-axis z = 
gi(2Arg(r?)-7r)jQ^ of Theorem 2.4|. 


for some uniform constants C, v positive, where is the constant defined by 

(|8.17|), Tg by d^, and |"g] by ([^. 


An immediate consequence of assertion (i) of Theorem 2.4 together with (ii) of Remark 2.2 
is the following: 


Corollary 2.1 (Non cluster of complex eigenvalues). Let the assumptions of Theorem 2-4 be 
fulfilled. Then, for any g satisfying Arg{g) £ ± (0, |), there is no aeeumulation of diserete 
eigenvalues of P 3 {b, sV) near zero, for 0 < e < eo- 

Actually, we expect this to be a general phenomenon in the following sense: 

Conjecture 2.1. Let V = gW satisfy Assumption (Cl), with g £ C \ k £ Z, and 

W £ iBft(M^) of definite sign. Then, there is no aeeumulation of eomplex eigenvalues of 
P'iib,V) near zero if and only ififi{V) > 0. 

Remark 2.4. To make our results in perspective, let us mention that more general situations 
such as: more general magnetic field in the 3D case (not supported only in the Ay axis), and/or 
to consider perturbations of the magnetic field itself, are open problems. 

3. Discrete eigenvalues for the 2D problem 


Throughout Sections [3]j^ D(0,e)* stands for the punctured disk given by (2.4). Here and 
in the rest of the paper, ( is the constant defined by (1.8). 


1.1 


we clearly 


3.1. Preliminary results. Let and Qj^ := / — P_l be the orthogonal proj ectio ns defined 
by (2.7). For g ^ cr[P2{b,0)), on account of (1.5) with n = 2 and Proposition 
have 

1 /„-i 

(3.1) 


{P2{b,0)-g) = 
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Therefore, for any ^ lying in the resolvent set of P2{b,0), we have 
(3.2) (P2(6,0) jj) + (P2(6,0) 


We begin with a general result on the first term of the r.h.s. of (3.2). 

Lemma 3.1. Let U G with q G [2,+oo). Then, the operator-valued funetion 

P(0, e)* 9 ^ U{P2{h, 0) - 

is holomorphic with values in Sq(^L‘^(S?)). Furthermore, 


(3.3) 


U{P2{b,0)-fi) Vx 


< 


5oe2osc<^ 

27r/i'? 


<? 

Li- 


Proof. The holomorphicity on D(0,e)* is evident. Let us show ( |3.3| ). 
Thanks to (3.1), we have 

(3.4) U{P2{b,0)-^i)-^F^ = -Up(^^^' jj). 

As in [221 Proof of Lemma 2.4], it can proved that Up G 5q(L^(M^)) with 


(3.5) 




9 

Li- 


Then, bound (3.3) follows by combining (3.4) and (3.5). 


The next result concerns the second term of the r.h.s. of (3.2). 


Lemma 3.2. Under the assumptions of Lemma \3.1\ the operator-valued function 

c\[c,+oo) B u{P2{b,Q) - 

is holomorphic with values in 5q(L^(M^)). Moreover, 


(3.6) 


C/(P2(6,0) -/i)-'q^||^^ < C||C/||iJ 1 + 




dist(^, [C,+oo))y 


□ 


where C = C{q) is a constant depending on q. 

Proof. For jj lying in the resolvent set of P2{b,0), ((rsf implies that we have 

(3.7) (P2(6,0) -/x)-iQ^ = = (P2--/i)-'(/-p)©(P2+-M)-'. 

Then, C \ [C, Tec) 9 /i i—>■ {P 2 ~ — — p) ® {P 2 '^ — is well defined and analytic 

since C\ [C, +oo) is included in the resolvent set of P 2 ~ defined on (I — p)Dom{P 2 ~) and P 2 ^ 
defined on Dom{P 2 ~^). Thus, fi i—)■ U{P2{b,0) — fT) Q_|_ is holomorphic on C \ [C, +oo). 
Now, let us prove estimate (|3.6p. In what follows below, constants are generic. Namely 


changing from a relation to another. First, let us show that (3.6) holds if q is even. 


Identity (3.7) implies that we have 
(3.8) 


u{P2{b,0)-^l)-^q^ 


< 


U{P2--fi) \l-p) 


+ 


U[P2- 


h 


-1 
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Let US focus on the first term of the r.h.s. of (3.8). We have 


(3.9) U{P2- 


< 


U{P2- + 1) 


-1 




By the Spectral mapping theorem, we have 


(3.10) 


{P^- + l){P^--^)-\l-p) 


< sup' 


^fe[C,+oo) 


s + 1 

S — pL 


Using the resolvent equation, the boundedness of the magnetic field b, and applying the 
diamagnetic inequality (see jl] Theorem 2.3] and |37l Theorem 2.13]) which is only valid 
when q is even, we get 


(3.11) 


U{P2- + 1) 


-1 


< 


i+{P 2 - + i)-^b u{{-iv-Af + iy 


< c 


U{-A + l) 


-1 


By the standard criterion m Theorem 4.1], we have 


(3.12) 


U{-A + l\) 


-1 


< C||(7||«„ 


(l-P + l) 


-1 


9 

Li 


Combining (3.9), (3.10), (3.11) and ( |3.12 1 , we obtain 


U{P2--n)-\l-p) <Cll[/lli,sup^,[^_^^) 


(3.13) 


s + 1 


<cii[/iiiJi + - 


s — p 

l/i + 1] 


Arguing similarly, it can be proved that we have 


(3.14) 


U{P2-^-p)-^ I <Cll[/lliJl + - 


dist(/r, [C,+oo)) 

l^ + l| V 


dist(/i, [C,+oo)) 


Hence, for q even, (3.6) holds by putting together (3.8), ( |3.13 ) and (3.14). 

To prove that (3.6) holds for any q >2, we use interpolation method. If q verifies q > 2, 
then clearly there exists even integers go < Qi satisfying q e {qo,qi) and qo > 2. Consider 
7 e (0,1) such that ^ ^ and introduce the operator 


L’jyR^)3U^U{P2{b,0)-p) i = 0,l- 


Denote Ci = C{qi) the constant appearing in (3.6) for i = 0, 1, and define 

lAt + 1| \ 


C{p,qy :=c;mi + - 


dist(/r, [C,+oo)) y ■ 


By (3.6), jjTjj < C{p,qi) for i = 0, 1. Using the Riesz-Thorin Theorem (see for instance |14l 
Sub. 5 of Chap. 6], [31], |3T], [231 Chap. 2]), we interpolate between go and gi to obtain the 
extension T : L'?(M^) — > Sq, with 

IITii < < c(,)i (i + . 
















































































DISTRIBUTION OF COMPLEX EIGENVALUES 


13 


Then, in particular, we have for any U G L'?(]R^) 
\\T{U)\\s<C{q)\{l + 




dist(/r, [C,+oo ))) 


Li, 


or equivalently bound (3.6), and the lemma follows. 


□ 


Now, observe that Assumption (Al) given by (1.10), implies that there exists a bounded 
operator ^ such that \V \2 = with F satisfying (1.10). Consequently, since the radius 

e of T>(0,e)* satisfies 0 < e < C and V is bounded, then by combining identities (3.1) and 
(3.2) with Lemmas 3.1 and 3.2 we obtain the following: 


Lemma 3.3. The operator-valued funetion 


D{0,er 3 Tv,±{l^) := J\VmP2{b,0) - h) 

is holomorphie with values in where J is defined by the polar deeomposition 

V = J\V\ ofV. 


3.2. Reduction of the problem. We reduce the study of the discrete eigenvalues of P 2 {b, V) 
near zero, to that of the zeros of a holomorphie function in a punctured neighbourhood of 


zero. 


In what follows below, the regularized determinant det|-qi(») is defined in Appendix A 1. 
Similarly to Lemma 3.3 it can be shown that V[P2(b,0) ~ ') ^ is holomorphie in 11(0, e)* 


with values in 5g(L^(]R^)). Then, det|-,ji + V{P2{b,0) — is well defined by ( |9.2[ ). It is 
well known, see for instance m Chap. 9], that 


(3.15) 


^ *^disc 


{P2{b,V)) ^ := + V{P2{b,0) - h) ') =0. 


Since V{P 2 {b, 0) — •) ^ is holomorphie in 11(0, e)*, then so is the function fg by Property d) of 
Appendix A 1. Moreover, the algebraic multiplicity of /U as a discrete eigenvalue of P 2 {b,V) 
is equal to its order as a zero of fq. 


In the next proposition, the quantity Ind^{») appearing in the r.h.s. of (3.16) is defined 
in Appendix A 2. 


Proposition 3.1. Let 7v,±{h) Ihe operator defined in Lemma 3.3 Then, the following 
assertions are equivalent: 


(i) pi G Zl(0,e)* is a diserete eigenvalue of P 2 {b,V), 

(ii) detpq] (/ + Tv,±{h)) = 0, 

(hi) —1 is an eigenvalue ofTv,±{fJ-). 


Moreover, 

(3.16) mult(/x) = Ind’^p (/ + Tv,±{-)), 

where T is a small contour positively oriented, containing pi as the unique discrete 
eigenvalue of P 2 {b,V). 
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Proof. The equivalence between assertions (i) and (ii) follows obviously from ( |3.15[ ) and the 
equality 

detp^T (/ + V{P2{b, 0) - //)) = detp.T (/ + J\V\^P2{b,0) - V|l), 

thanks to Property b) of Appendix A 1. 

The equivalence between assertions (ii) and (iii) follows from Property c) of Appendix A 

1 . 


We prove now (|3.16|). To this end, we consider the function fq defined by (3.151. According 

mult(//) = ind^fq, 


to the comment just after (3.151, we have 
(3.17) 


where the r.h.s. of (3.17) is the index defined by (10.2) of the holomorphic function fq with 
respect to the contour We thus get (3.16) easily from the equality 

indc^fq = In&ff + 7y,±(-)), 

(see for instance |T1 (2.6)] for more details). □ 


3.3. Decomposition of the weighted resolvent. Our goal in this section is to split the 
weighted resolvent Tv,±{fJ-) ■= «7|P| ^ {P 2 {b, 0) —/r) ^jPj 2 into two parts which are respectively 
meromorphic and holomorphic in a neighbourhood of zero. The potential V is assumed to 
satisfy Assumption (Al). 


The next proposition is a direct consequence of identities (3.11, (3.2) and Lemma 3.3 


Proposition 3.2. For // G D{0,e)*, we have 

(3.18) TvAf) = °)|P|i+.f/x(/r), 

where the operator := J\V \2 [P 2 {b, 0 ) — p) ^Q_l|P|2 G 5g(L^(M^)) is holomorphie in 

the open disk D{0, e) := D(0, e)* U {0}. 

Remark 3.1. 

(i) Thanks to Lemma 
we have 

(3.19) 

Trl(,,^)(|P|i(^J 2 ) 1^1(0 0)) ='I^l(r-,oo)(p|^|iip), 


3.1 




jlLj 2 is a compact operator. Then, for any r > 0, 


where we recall that the jPj^fc, 1 < i,k < 2, are the coefficients of t he m atrix jPj. 
(ii) If V satisfies Assumption (A2) given by (2.6), then Proposition 


3.2 


replaced by Jr], J := sign(W), and |17|ii replaced by |IT|ii in (3.19). 


holds with J 


4. Proof of Theorem I2.lt Upper bound 
The proof will be divided into two steps. 
























DISTRIBUTION OF COMPLEX EIGENVALUES 


15 


4.1. A preliminary result. Let 

(4.1) N{P 2 {b,V)) := {{P 2 {b,V)f,f) : f e Dom{P 2 {b,V)), 




= 1 }, 


denote the numerical range of the operator P 2 {b, V). The inclusion a{P 2 {b, 14)) C N[P 2 {b, V)) 
is well known (see for instance uni Lemma 9.3.14]). 

Proposition 4.1. There exists ro > 0 sueh that for any 0 < r < \fj,\ < ro, we have: 

(i) /r is a diserete eigenvalue of P 2 {b,V) near zero if and only if yL is a zero of 

(4.2) &_i{ij,,r) := dei {I + JT±{n,r)), 

with J^±{fJ-,r) a finite-rank operator analytie with respeet to yi and satisfying 

rank^(/i,r) = o(TTl(^r,cx>){p\V\iip) + l), ||^(^,r)|| = 0{r~^), 

where the O’s are uniform with respect to r, y,. 

(ii) Furthermore, if y is a discrete eigenvalue of P 2 {b,V) near zero, then, 

(4.3) mult(/r) = Ind^ (/ + Jtx{-,r)) = m(^), 

‘ia being chosen as i n (|3.16 1, andm{y) being the multiplicity of y as a zero of ^±{-,r). 
(hi) If y verifies d\si{y, N[P 2 {b,V))) > g > d, g = 0(1), then I + Jll±{y,r) is invertible 
and satisfies (/ + J^±{y,r)) ^ = O (?~^), where the O is uniform with respect to r, 
y and g. 


Proof, (i)-(ii): By Proposition 3.2 y i—>■ £^±{y) is holomorphic near zero with values in 
5q(L^(M^)). Then, for tq small enough, there exists a finite-rank operator £/o,± independent 
of y, and an operator .s/±{y) G Sq{L‘^{Mf)) holomorphic near zero satisfying ||.i/L(Ai)|| < \ for 
0 < |/u| < ro, and 

£^±{y) = M),± +-f^±{y)- 
Set := |14|2 |14|2 and write 

(4.4) + ^±Iar,oo)i^-L)- 


It is easy to check that 
we have 


=^±l[o < I for 0 < r < |/r| < tq. Consequently, 


J 


(4.5) {I + Tv,±{y)) = {I + liF±{y,r)) + 


where J^(/U, r) is defined by 


J 


JT'±{y,r) := ( 


I - —=^±l[o^ir](^±) + ^±{y) 


It is a finite-rank operator of order 

0(Trl(i,,oo)(=^±) + l) = 0(Trl(,,^)(p|P|np) + l), 


-1 
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taking into account ( 3.19| ). Moreover, its norm is of order 0(|^| = 0(r ^). Since we have 

II — i^-j(^±) +^(/r)|| < 1 for 0 < r < |/r| < ro, then [T21 Theorem 4.4.3] implies that 

Ind<^ =0. 


Therefore, Property (10.4) applied to (4.5) together with Proposition 3.1 give (4.3). Further¬ 
more, it follows that ^ is a discrete eigenvalue of P 2 (^, V) near zero if and only if /r is a zero 
of ^±{-,r). 

(Hi): Equality (4.5) implies that we have 
(4.6) 


J 


-1 


I + r) — 7v,±{h)) ~ T j 

for 0 < r < ||u| < tq. From the resolvent equation, it is easy to deduce that 

(/ + J|F| V2(P2(6,0) - m)“ V|'/2) (/ - J\V\^/^P2{b, V) - /i)“ Vl'/' 
Then, if belongs to resolvent set of P 2 {b, V), we have 

{I +TvAH)y" = I - J\vyyp2ib, v) - 


= I. 


This together with (4.6) imply that I + r) is invertible for 0 < r < |/i| < tq. So, using 

cni Lemma 9.3.14], we obtain 


(/ + JP±y,r)) 


-1 


= 0 1 + 


\vy^{P2yv)-y V|V2 

= 0(l + disty,N{P2{b,V)))-^) = O (?-') , 


whenever dist(/r, N[P 2 {b, V))) > ? > 0, <^ = 0(1), and the proof is complete. 


□ 


4.2. Back to the proof of Theorem |2 . l] Proposition |4 .1 1 implies that for 0 < r < |/r| < ro, 
we have 


C (Tr (pTI iip)+l) 

S>±{H,r)= n (l + Aj(//,r)) 

i=i 

= 0(1) exp (o(Trl(^^^)(p|F|iip) -h 1)| lnr|). 


Xj{^,r) being the eigenvalues of := JTi(/r,r) satisfying |Aj(/r,r)| = O (r ^). Let /r e 
0(0, e)* satisfy dist(/r, A^(P 2 (&, E))) > ? > 0 and 0 < r < |/x| < tq. Then, we have 

^^(/u,r)-^ = det (I + Jei)~^ = det (I - jei(I + . 


Similarly to (4.7), it can be shown that 
(4.8) 


\^±{H,r)\ > Oexp( - 0(Trl(^_^)(p|F|iip) -h l)(|ln?| -h |lnr|)), 


so that for ^r < ? < 2r, 0 < r <C 1, we obtain 

(4.9) -In |^j_(/i,r)| < C'Trl(^^oo)(p|^|iiP)|lnr|-h 0(1). 
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Consider the discrete eigenvalues fi G {r < \fi\ < 2r} C with r > 0 such that r < 

||C|| < |r. Thanks to their discontinuous distribution, there exists a simply connected sub- 
domain A of {r < |/i| < 2r} containing all the eigenvalues /r and such that (7disc{P2{b,V)) n 


dA = 0. Note that in view of the definition (4.1) of the numerical range N{P 2 {b, C)) of the 
operator P 2 {b, V), we have 


(4.10) 


A^(P2(6,C))C{^eC:|9(/r)|<||y||}. 


Then, Theorem 2.1 holds by applying the Jensen Lemma 11.1 with the function g{fi) := 


S!±{rg,r), g G A/r, with some go G A/r satisfying disi{rgo-, ^ {P2{b,V))) > ? > ^r, <7 < 2r, 
and by using ( |4^ and dr^ . 


5. Proof of Theorem 12.21 Localisation and asymptotics expansions 


First, we have to rephrase Proposition 3.1 with respect to the characteristic value termi¬ 
nology (see Definition 11.1). 

Proposition 5.1. For g G D(0,e)*, the following assertions are equivalent: 

(i) g is a diserete eigenvalue of P 2 {b,V), 

(ii) g is a eharaeteristic value of I + Tv,±{-)- 

Moreover, the multiplieity of g as a diserete eigenvalue eoineides with its multiplieity 
as a eharaeteristic value defined by (11.2). 


Proof of assertion (i) of Theorem 2.2' From Proposition 5.1 and according to (ii) of Re¬ 
mark 3.1 we reduce the investigation of the discrete eigenvalues g G D(0,e)* to that of the 
characteristic values of 

I + Tv,±{g) = I - 


h 

\ -k ^ f P 0 

the operator A±{g) being defined by (2.8). In particular, ±^_l(0) = |IT |2 ( ^ 


|IP|2 for 


J = ±. Thus, assertion (i) of Theorem 2.1 holds by (i) and (ii) of Lemma 11.2 with z = Pg/g. 
To be more precise, near zero, the discrete eigenvalues g verify for any J > 0 


(5.1) 


±»(0l >0, 


g G ±gT^{r,ro), 


the sector r‘’(r,ro) being defined by (2.4). 


Proof of assertion (ii) of Theorem 2.2' The above proof of (i) of Theorem 2.2 together with 


Proposition |5.H imply that the discrete eigenvalues g near zero are the characteristic values 
g G Z(Zl(0,e)*) of / -|- 7V,±(‘) concentrated in the sectors [g G D(0,e)* : Pg/g G r‘^(r, ro)}, 
for any <5 > 0. In particular, we obtain 


mult(/r) = Y mult(/r)-h 0(1) = AA(r‘^(r,ro))-h 0(1), 

AieiTdi,,(P2(b,V)) ti&z{D{0,e)*) 

r<|^|<ro ±7i/rieP{r,ro) 
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the quantity AA(») being defined by (11.3). If n(») is the quantity defined by (11.4) with 
r(0) = ±^_i_(0), then by using (3.19), we get 


(5.3) n{[r,To]) = TVl(,,oo) {\W\'^ + 0(1) = Ttl^r,oo){p\W\iip) + 0(1). 


Thus, (ii) of Theorem 2.2 follows from (iii) of Lemma 11.2 together with (5.2) and (5.3). 


Proof of assertion (iii) of Theorem 2.2' If we have <^(r) = r or 4>(r) = | Inrl"^, or 4>(r) = 
(In I In r|) | In r\ for some 7 > 0 , then it can be checked that 

(j){r{l ± u)) = (p{r){l + 0 ( 1 ) + 0 (i/)), 


for any n > 0 small enough. Then, (iii) of Theorem 2.2 holds by (iv) of Lemma 11.2 combined 


with (5.2) and (5.3). This completes the proof. 


6. Discrete eigenvalues for the 3D problem 

6.1. Preliminary results. Define P := p 0 1, Q := I — P, and introduce the orthogonal 
projections in L^(M^) 


( 6 . 1 ) 


P := 


P 0 

0 oy ’ 


Q :=I-P = 


Q 0 

0 I) • 


For z ^ (t(P 3 ( 6 , 0)), on account of ( |1.5[ ) with n = 3 and Proposition 

( 6 . 2 ) {P3{b,0)-zy^P = ° 


1.1 


we have 


oy ’ 


with the resolvent i%{z) := ^— 7 ^ — acting in L^(]R). Then, for any z G C \ [0,+oo), 
(P3(&,0) - z)~^ = {p®M{z)) Q + (P3(^,0) - 2;)"^Q. 


we have 
(6.3) 


We have the following lemma: 

Lemma 6.1. For given U G L'?(M^) and G G L'?(M), q G [2,+ 00 ), the operator-valued 
funetion 

C \ [0, + 00 ) 7 z ^ UG{Pz{h, 0) - z)~^P 
is holomorphie with values in 5q(L^(M^)). Moreover, 

p2osc / I I 1 I \ ^ 


(6.4) [/G(P3(6,0)-z) 


< G 


feoe 


cS, “ 27r 


UG\\lAi + 


D + 1 


dist( 2 ;, [ 0 , + 00 )) 


where G = G{q) is a eonstant depending only on q. 


Proof. The holomorphicity on C \ [0, + 00 ) is trivial. Let us prove (|6.4[). 


Thanks to (6.2), we have 
(6.5) 


UG{P3{b,0) - z) = {Up ^ G2g{z)) '° 


0 oy ■ 
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As in (3.5), we have 

( 6 . 6 ) 

From the estimate 


< 




q 

Li- 


(6.7) 






-1 


dX,? 


we obtain by the Spectral mapping theorem 

, 

( 6 . 8 ) 


'dX,? 


< sup"^ 


se[0,+oo) 


s + 1 


s — z 


< 1 


k + ll 


dist( 2 ;, [0, +oo)) 


and by the standard criterion ISZl Theorem 4.1], we obtain 


(6.9) 




< C||0||i. 


(MHi) 


-1 


q 

Li 


Then, (6.4| follows by putting together (6.51, (6.6|, (6.7|, (6.8) and (6.9). 


□ 


The next lemma is just the analogue of Lemma 3.2 in dimension three. It can be proved in a 
similar way by taking into account the appropriate modifications. For this reason, to simplify 
our exposition, its proof will be omitted. 

Lemma 6.2. For a given g £ L'^(M^), q £ [2,+oo), the operator-valued funetion 

C \ [C, Too) 3 zi —^ g(F 3 (b, 0) - z)~^Q 
is holomorphie with values in Sg[L‘^(R.^)). Moreover, 


( 6 . 10 ) 


g{P3{b,0)-z)-^q\\l^<C\\g\\%U+ + 


dist(z, [C,+oo)) 


where C = C{q) is a eonstant depending only on q. 


Throughout this article, we will use the following choice of the complex square root 


( 6 . 11 ) 


C\ (-00,0] ^ C+. 


For 0 < K < ^/C, let 71±(0, k^) be the half-rings defined by (2.17). Put the change of variables 
z = k'^ and define the domains 


( 6 . 12 ) 


T>±(k) :={k€C±:0<\k\<K: ifi{k) > 0}. 


Under the above considerations, D±{0,k‘^) can be parametrized hy z = z{k) := kP', with 
k £ 'D±{k) respectively (see Figure 6.1 below): 

Now, Assumption (Cl) given by (1.11) implies that there exists a bounded operator X 


such that \V \2 = with and Ga satisfying (1.11). Then, the boundedness of V, 

identities (6.2), (6.3), together with Lemmas 6.1 and 6.2 give the following: 
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Figure 6.1. Images D±{0,k^) of V^{k) by the local parametrisation z{k) = k'^. 


Lemma 6.3. The operator-valued funetions 

Vl{K)3k^Tv{z{k)) := J|F|i(P 3 ( 6 , 0 )-z(A:))“V|^ z{k) ■.= k\ 

are holomorphie with values in 5q(L^(M^)), where J is defined by the polar deeomposition 
V = J\V\ ofV. 


6.3 


we can show that F(P 3 ( 6 , 0 ) — 


6.2. Reduction of the problem. Similarly to Lemma 

z(-)) ^ is holomorphie in with values in 5q(L^(M^)). Then, as in (3.15), we have 

(6.13) z{k) E adisc(^3(6,l^)) ^detp.T (l + V- z{k))-^) = ^. 


We are thus led to the following proposition: 

Proposition 6.1. Let 7v{z(k)) be the operator defined in Lemma 
assertions are equivalent: 

(i) z{k) := k'^ E D±{0,k‘^) is a diserete eigenvalue of P‘i{b,V), 

(ii) detpq] (/ + Tv{z{k ))) = 0, 

(hi) —1 is an eigenvalue of Tv{z{k)). 

Moreover, 

(6.14) mult( 2 ;(/c)) = Indc^ (^I + Tv{z{-))'j , 

where ^ is a small eontour positively oriented eontaining k as the unique point k E 
P±{k,) verifying z{k) E D±{0,k‘^) is a diserete eigenvalue of P‘i{b,V). 


6.3. Then, the following 


Proof. The proof is similar to that of Proposition lo.r 
modifications. 


raKing imo accoum rne appropriate 

□ 


6.3. Decomposition of the weighted resolvent. Our goal in this section is to decompose 
Tv{z{k)) (defined just above), as a sum of a singular part at A; = 0, and a holomorphie part 
in V^iK) continuous near k = 0 with values in 5g(L^(M^)). The potential V is supposed to 
verify Assumption (Cl). 
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Observe that according to the choice (6.11) of the complex square root, we respectively 
have VW = ±A: for k £ T>'^{k). By identity (6.3), we have 


(6.15) Tv{z{k)) = J\V\2p®M{z{k)) 


1 0 
0 0 


\v\^2 +j\v\i{p^{h,{))-z{k)) ^q\v\i. 


Let us focus on the first term of the r.h.s. of (|6.15|) and define respectively G± as the 

. 1 


multiplication operators by the functions M 9 Xy i—?■ G^ 2 (X||). Then, we get 


(6.16) J\V\2p ® ^[z{k)) 


1 0 
0 0 


|y|2 = J\V\2G-p® G+^{z{k))G^ 


1 0 
0 0 


G-\V\2. 


For z £ C \ [0, +oo), ^{z) := ( — — z) ^ admits the integral kernel 

Then, the integral kernel of the operator Gj^M{z{k))G-\. is given by 

±*fc|X||-V|'|| 

(6.18) iG^^ii)- keVUn). 


1 


With the help of (|6.18|), we can write 

(6.19) 

a : L2(M) —^ , 

(6.20) a{u) -.= -{u,GH-))GKX\\), 
and b{k) being the operator with integral kernel given by 


G+M{z{k))G+ = ±-a + h{k), £ ^^(k), 

K 

being the rank-one operator given by 

i , 


( 6 . 21 ) 


± G2(X||)i- 


2k 


G2(^||). 


Moreover, it is easy to observe that we have —2ia = c*c with c : L^(]R) — > C defined by 
c(u) := (u,G^(-)}, so that c* : C —)• L^(R) is given by c*(A) = AG^(-). Putting this together 
with (6.19) and (6.211, we get 

(6.22) p® G+^(z(k))G+= iL^p® c*c +p® s(k), k e V±(k), 

where s{k) is the operator acting from G 2 (X||)L^(M) to 2 (X||)L^(M) with integral kernel 

±ifc|V||-X'| 

±-2S-■ 


Equality (6.16) combined with (6.22) give for k £ T>±{k.) 


J\V\ 2 p® M[z{k)) 


1 0 
0 0 


iJ , 


= ± —|F|2G_(p®c*c) 


|F|2 

1 0 
0 0 


G-\V\^ + J\V\^G-p® s{k) 


1 0 
0 0 


G-\V\2. 


(6.24) 
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Finally, we get for k £ 

(6.25) J|y|^p0^(z(fe)) Q =±^-^K*K + J\V\"^G.p0sik)(^^ o) G_|y|i, 

K being defined by 

(6.26) i^:=^(p^c)Q o)G_|y|i 

More precisely, recalling that X± := {x,y) G M^, we have K : L^(M^) —)■ L^(]R^) with 

imix^) = ^^^dxidX|;n(Xx,xi) Q |F|i(xi,x[|)v^(xi,X|^), 

where Vb{-, •) is the integral kernel of the orthogonal projection p := p(b) (see |211 Theorem 
2.3]). Obviously, K* : — > L^(]R^) is given by 

(iFV)(X^,X||) = ^|F|I(X^,X||) Q {pp){X^). 

Therefore, it can be checked that the operator KK* : L^(M^) —>■ satisfies 


(6.27) 


KK* = 


1 0 
0 0 


pViip, 


where Vn is the multiplication operator by the function (also noted) Vn defined by (2.14|. 
For A £ M+ \ {0}, we define ( — — A)“^ as the operator with integral kernel 


(6.28) 


/A(X||,X|;):=lim/A+.6(X||,X|;) = 


le 


ix/A|A||-X'| 


2\/A 


Iz{') being defined by (6.17). Then, as in j29[ (Proof of) Proposition 4.2], we can show by 
a limiting absorption principle that the operator-valued function 'D^(k) 3 k ^ G+s(fc)G+ £ 
52(T^(M)) is well defined and continuous. We thus have proved the following: 


Proposition 6.2. For k £ I?j.(k), we have 

(6.29) Tv{z{k)) =±^-^^ + £^{k), ^■.= K*K, 

where the operator £/{k) £ 5q(L^(M^)) given by 

^{k) := J\V\"2G.p0s{k) Q jj) G_lPli + J1P1^(P3(6,0) - zik))-^Q\V\G 


is holomorphie in eontinuous on with s{k) defined by (6.22). 

Remark 6.1. 


(i) For any r > 0, according to (6.27), we have 
(6.30) 


Trl(r,oo) {K*K) = Trl(^^o^) {KK*) = Trl(^_^)(pViip). 


(ii) If V satisfies Assumption (C2) given by (2.20), then Proposition 3.2 
replaced by Jp, J := sign{W), and Vn replaced by Wn in (6.30). 


holds with J 
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7. Proof of Theorem 12.3[ Upper bounds 


The proof is similar to that of Theorem 2.1 


7.1. A preliminary result. Introduce the numerical range 

N{P 3 {b,V)) := {{Ps{b,V)fJ) : / G Dom{Ps{b,V)), Wfh^ = 1}, 


satisfying a{P 3 {b,V)) C N{P 3 {b,V)). 

Proposition 7.1. There exists tq > 0 sueh that for any k G {0<r< |/c| <ro}n we 

have: 

(i) z{k) := is a diserete eigenvalue of P‘i{b,V) near zero if and only if k is a zero of 

(7.1) r) := det (I + ^(fc, r)), 

with Jtk{k,r) a finite-rank operator analytie with respeet to k and satisfying 
mnkJT{k,r) = o(TTl(^r,oo){p^uP) + l), \\^{k,r)\\ = O , 

where the O’s are uniform with respeet to r, k. 

(ii) Furthermore, if z{k) := is a diserete eigenvalue of P^{b,V) near zero, then we have 

(7.2) mult(z(A:)) = Ind>^ (/ + JP{-,r)) = m(/i;), 

‘ta being ehosen as in (6. 14)), and m(/c) being the multiplieity of k as a zero of ^{■,r). 
(hi) If z{k) satisfies disi{z{k), N[P 3 {b,V))) > g > 0, g = 0(1), then I JP{k,r) is 
invertible and satisfies (I + JP{k,r)) ^ = 0(?“^), where the O is uniform with 

respeet to r, k and g. 

Proof. The proof follows by arguing similarly to that of Proposition |4.H taking into account 
the appropriate modifications. □ 

7.2. Back tot the proof Theorem 2.3[ Proposition |7.1| above implies that 

C’(Trl(,.,oo)(pViip)+l) 

9{k,r)= {l + Xj{k,r)) 


(7.3) 


i=i 


= C>(l)exp(o(Trl(^_o<3)(pViip) + l)|lnr|), 

for 0 < r < |/c| < ro, the Xj{k,r) being the eigenvalues of JP := JP{k,r) satisfying \Xj{k,r)\ = 
O {r~^). If dist( 2 ;(/c), A(P 3 ( 6 , U))) > ? > 0 with 0 < r < |A:| < tq, then, 


&{k, r)-^ = det {I + JIT) ^ = det (/ - 


Similarly to (7.3), we can show that 

(7.4) \&{k,r)\ > Cexp^ - C'(Trl(^^^)(pViip) + l)(|ln?| + |lnr|)), 
so that for r^ < g < 4r^, 0 < r <C 1 , we obtain 

(7.5) -In |i^(fc,r)| <CTVl(,,^)(p|U|np)|lnr|+0(l). 


















24 


DIOMBA SAMBOU 


Consider the domains A± := |r < |A:| < 2r : |3^(A;)| > : |3'(A;)| > y^} C T>'^{k) with 0 < 

^ < \/||^|| < vi^ a-iid 0 < ly < 2r^. Since the numerical range of the operator P’i{b,V) 


satisfies 

(7.6) 


N { P 3 { b , V )) C {zEC: |9(z)| < 


then there exists some ko G A±/r satisfying dist(2:(r/co), Ai(P3(6, C))) > ? > ? < 4r^. 

Then, Theorem 2.3 follows by applying the Jensen Lemma 11.1 with the function g{k) := 


^{rk,r), k G A±/r, together with (7.3) and (7.5). 


8 . Proof of Theorem 12.41 Sectors free of complex eigenvalues and lower 

BOUNDS 

To simplify, we give the proof only for the case a G (0,7r). The case a G — (0,7r) follows in 
a similar way by replacing k by —k. 

(i): For any 0 > 0 small enough, set 5 = tan(0) and introduce the sector 
(8.1) Cs:={kGC:-6Q{k)<\^{k)\}. 


According to (ii) of Remark 6.1 for any e > 0, we have 


( 8 . 2 ) 


I + Tev{z{k))=I+^-^^ + es^{k), kGVlin), 


is holo- 


^ being a self-adjoint positive operator independent of k, while y^{k) G Sq{L‘ 
morphic in T)*^{k) and continuous on T)*^{k). Since we have 

/+ -ikT]-^), 

k k 

then it is easy to see that the operator I P is invertible for ikr]~^ ^ a{s^). Otherwise, 
it can be shown that we have 


(8.3) 


1 + 


lerj 


-1 


< 


\kri 


-ii 


(9(A:r/-i))" +|3f?(A:r?-i)|2 


r+ := max(r, 0). 


Therefore, for k G r/Cs, it can be checked that 


1 + 


lerj 

IT^ 


-1 


< Vl + <5-2, 


(8.4) 

k G VZ^^k). Then, we have 

(8.5) I + Tev{z{k)) = {I + A{k))iyI+'^0§^ 


where 

( 8 . 6 ) 


A{k) := es^{k) G Sq{L^{M?)). 
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Since £/{k) G 5g(L^(M^)) is continuous on then there exists a uniform constant C > 0 

such that ||j 2/(A:)|| < ||^(A:)||5 < C. Putting this together with (8.4) and (8.6|, it follows 


immediately that I + Tev{z{k)) is invertible for k G r]Cs, k G and 

(8.7) 0<e<Co:= {CVl + S -^)~\ 

This means that z{k) is not a discrete eigenvalue. 

(ii): Let denote the sequence of the decreasing nonzero eigenvalues of pWnp taking 


into account their multiplicity. If Assumption (C3) given by (2.21) is fulfilled, then similarly 


to O (Proof of) Lemma 7], it can be shown that there exists a positive constant u such that 
(8.8) #{j : pj - pj+i > vpj) = oo. 

Since the nonzero eigenvalues of SS and pWup coincide, then there exists a decreasing se¬ 
quence of positive numbers (r^)^, \ 0, such that 


(8.9) 


dist(r£, fT(,^)) > 




£ G N. 


Moreover, there exists for any £ G N a path := where 

(8.10) A^ := G C : 0 < |fc| < ro : |9(fc)| < (I3f?(fc) : < 3f?(fe) < 

(see Figure 8.1), enclosing the eigenvalues of M lying in [r£+i,r£]. 



Figure 8.1. Representation of the path = dA.^. 


Obviously, the operator fc — ^ is invertible for k € T,£, and it can be proved that 


( 8 . 11 ) 

where 

( 8 . 12 ) 


\{k-^)-^\\ < 


1 


1 ^ 


\k\ 


dist(fc, (t(^)) \k\ dist(fe, cj(.^)) 

C{d, v) := \/r+~^max (^”^5 (^/2)~^) • 


< 


C{5,v) 

\k\ ' 
















26 


DIOMBA SAMBOU 


Introduce the path := —According to the construction of and (8.11), we imme¬ 
diately observe that 7 is invertible for k € T,i with 

-1 


(8.13) 

Then, for k £ we have 


7 + 


k ‘ 


< C{6,i^). 


(8.14) 


7 + 


ler] 


-|- (k) =[ I + e£/ (k) [I + 



By choosing 0 < e < eo sufficiently small and using Property e) of Subsection given by 
(9.3), we obtain 

7 -7 e,s/{k) (l + 


(8.15) 


det 


r?! 


k 


- 1 


< 1 , 


for any k £ More precisely, if we let C, Co be the constants defined by (8.7), C{5,v) the 
one defined by (8.12), and Pg that defined by (9.3), then (8.15) holds whenever e satisfies 


(8.16) 

where 

(8.17) 


Ci{6, v) := 5 max {y/2)~^'^ . 


Thus, the Rouche Theorem implies that the number of zeros of det|-gi(7 -|- -|- £^[k)) 

enclosed in {z{k) £ 77+(0,k^) : k £ A^} taking into account their multiplicity, is equal to 
that of det|-gi(7 -|- enclosed in {z{k) £ 77+(0,k^) : k £ A^} taking into account their 

multiplicity. This number is equal to Trlj^^^^ ,,j(pWiip). Hence, thanks to Proposition 


6.1 


and Property (10.4) applied to (8.14), bound (2.25|) follows immediately since the zeros of 


det|-gi (7 -|- -|- ££/(k)) are the discrete eigenvalues of 7^3(6, eV) taking into account their 

multiplicity. From the fact that the sequence (rf)^ is infinite tending to zero, it follows the 
infiniteness of the number of the discrete eigenvalues claimed. This concludes the proof of 
Theorem 12.41 

9. Appendix A 1: Schatten-von Neumann ideals and regularized determinants 

For the convenience of the reader, we repeat the relevant material from Reed-Simon [30] , Si¬ 
mon [23 EZ], and Gohberg-Goldberg-Krupnik [SU] , thus making our exposition self-contained. 

Let be a separable Hilbert space and Soo{J^) be the set of compact linear operators 
on J^. Denote by Sk{T) the k-th singular value of T £ Soo{J^)- The Schatten-von Neumann 
classes are defined by 


(9.1) 


,(J^) := {r £ SociJ^) : IITIII^ :=Y,Sk{Ty < + 00 }, q £ [l,+oo). 


To simplify, we will write Sq when no confusion can arise. For [g] := min {n € N : n > q] 
and T € Sq, the regularized determinant is defined by 


(9.2) 


det^q^{I-T):= n 

11 e cr(T) 


M-i .,k 

(1-M)exp| Y. y 
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Here are some elementary properties about this determinant (see for instance j36|i: 

a) detpg](/) = 1. 

b) For A, B € the class of bounded linear operators on if AB and BA belong 

to Sq, then det \q] {I - ^B) — det |-gi (I - BA). 

c) / — T is invertible if and only if det|-gi {I — T) ^ 0. 

d) If T : D — 7- Sq is a holomorphic operator-valued function in a domain D, then so is 
detpg](/-r(-)) in D. 

e) det|-qi(/ — T) is Lipschitz as function on Sq uniformly on balls. Explicitly, we have 

(9.3) \dei^q^{I-Ti)-det^q^{I-T2)\ < ||ri - 

by [351 Theorem 6.5], for some constant F^ > 0. 

10. Appendix A 2: Index of a finite meromorphic operator-valued function 

The space and the class ^are defined as in Appendix A 1. We have the following 
definition from m Definition 4.1.1]. 

Definition 10.1. LetU be a neighbourhood of a fixed point w e C, and F : U\{w} —> ^{J^) 
be a holomorphie operator-valued funetion. The funetion F is said to be finite meromorphie 
at w if its Laurent expansion at w has the form 

+00 

(10.1) F{z) = {z — w)"'An, m>—oo, 

n=m 

where for m < 0, the operators Am, ■ ■ ■, A_i are of finite rank. Moreover, if Aq is a Fredholm 
operator, then the funetion F is said to be Fredholm at w. In that ease, the Fredholm index 
of Aq is ealled the Fredholm index of F at w. 

If a function / is holomorphic in a neighbourhood of a contour (positively oriented), its 
index with respect to this contour is defined by 

( 10 . 2 ) ind<^f-.= ^[ Q^dz. 

ZITT Jv f{z) 

Let us point out that if / is holomorphic in a domain D with dD = then thanks to the 
residues theorem, ind^/ coincides with the number of zeros of / in D taking into account 
their multiplicity. 

In what follows below, GL(J^) denotes the class of invertible linear operators on the Hilbert 
space Let D C C be a connected domain, Z C D be a pure point and closed subset, and 
A : D\Z —> Gh(Jff’) be a finite meromorphic operator-valued function which is Fredholm at 
each point of Z. The index of A with respect to the contour dD is defined by 

(10.3) IndQDA:= -Tr [ A'{z)A{z)~^dz = -Tr [ A{z)~^A'{z)dz, 

2nr Jqd zitt Jan 

where the operator A does not vanish in the integration contour dD. The following properties 
are well known: 

(10.4) 


IndsD ^ 1^2 = Indao + Indan A 2 ; 
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for K{z) a trace class operator-valued function, we have 
(10.5) IndQD {I + K) = indQD det (I -|- K). 

We refer for instance to m Chap. 4] for a deeper discussion on the subject. 

11. Appendix A 3: Jensen type inequality and characteristic values of 

OPERATOR-VALUED FUNCTIONS 

The following lemma (see for instance [31 Lemma 6] for a proof) contains a version of the 
well-known Jensen inequality. 

Lemma 11.1. Let A be a simply eonneeted sub-domain ofC and let g be holomorphie in A 
with eontinuous extension to A. Assume that there exists Aq G A sueh that g{Xo) / 0 and 
g{X) / 0 for X G dA (the boundary of A). Let Ai, A 2 ,..., Xn G A be the zeros of g repeated 
aeeording to their multiplieity. For any domain A' CC A, there exists C > sueh that 
N{A',g), the number of zeros Xj of g contained in A', satisfies 

(11.1) NiA',g) < C ^^ln|5(A)|dA-ln|5(Ao)|) . 

Consider a domain P of C containing 0, and let T : F —)■ Soc{J^) be a holomorphie 
operator-valued function, being as above. 

Definition 11.1. For a domain Ll G F \ {0}, a complex number z G F is a characteristic 
value of z £X(^z) := L — if XF{z) is not invertible. The multiplicity of a characteristic 
value zq is defined by 

(11.2) mult( 2 ;o) := InT^{L - =^(-)), 

where ^ is a small contour positively oriented containing zq as the unique point z satisfying 
SX{^z) is not invertible. 

Define 

Z{Ll) := {z G Ll : i^{z) is not invertible}. 

Once there exists zq G F satisfying =^(zo) is not invertible, then by the analytic Fredholm 
theorem, the set Z(Q) is pure point. Hence, we set 

(11.3) M { n ) := # z { n ). 

In the sequel, we suppose that the operator r(0) is self-adjoint and we put 

(11.4) n(a;) :=TVl^(r(0)), 

the number of eigenvalues of r(0) lying in the interval w C M*, taking into account their 
multiplicity. The orthogonal projection onto KerT(O) is denoted Hq. 

Lemma 11.2. |Tl Corollary 3.4, Corollary 3.9, Corollary 3.11] Let T be as above with L — 
r'(0)no invertible. LetLl C C\{0} be a bounded domain such thatdLl is smooth and transverse 
to the real axis at each point of dLl n M. 

(i) // H n M = 0, then for s sufficiently small, M{sLl) = 0. So, the characteristic values 
z G Z(fl) satisfy |9(2;)| = o(|2;|) near 0. 

(ii) Moreover, ifT{0) satisfy ±r(0) > 0, then the characteristic values z satisfy respec¬ 
tively ±J?(z) > 0 near 0. 
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(iii) For 5 > 0 fixed, let r‘^(r, 1) d V be defined as in (2.10). 
eonstant 7 > 0 sueh that 


Assume that there exists a 


(11.5) 

(iv) 


( 11 . 6 ) 


n([r,l]) = C>(r T'), r \ 0 , 

with n([r, 1]) growing unboundedly as r \ 0. Then, there exists a positive sequenee 
{rfiji whieh tends to 0 sueh that 

AA(r^(r£,l)) =n([r£, !])(! + 0 ( 1 )), £^ 00 . 


If we have 
with 4>{r{l ± u)) 


n([r,l]) = ^>(r)(l+ 0 ( 1 )), r \ 0 , 

4>{r)[l + 0 ( 1 ) + 0 (u)) for any u > 0 small enough, then 


AA(r^(r,l)) =$(r) (1 + 0(1)), r\ 0 . 
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